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THE PROBLEM OF DETERMINING THE EXCITATION 
FORCES IN VIBRATION TESTING 

Determining the excitation forces is at the same time 
the most important and the most difficult problem in vibra- 
tion testing. 

The reasons why the known theories in this field have 
not led to practical testing methods are discussed. The 
real behavior of a structure is compared with the theoret- 
ical hypotheses and the differences observed explain the 
reasons why the known methods are not always applicable. 
Following the demonstration that the appropriation, -- even 
when possible --, does not provide real advantages for 
measurement, it is suggested to reverse the problem by 
establishing the structure determination by means of a 
modification of the damping forces distribution for the 
separation of the modes. 

4- 
I. THE PROBLEM OF DETERMINING THE EXCITATION FORCES. 

The problemof determiningtheexcitation forces became important in the 
practical planning of vibration testing after the O.N.E.R.A. decided to 
follow the suggestion of Professor R. Mazet, Director of the Department of 
Resistance of Structures" (1) and to base the calculations of stability in 
flight entirely on the results of vibration tests. In this manner it be- 
came possible to forego the difficult and uncertain calculations inherent 
to division of a structure with regard toits component masses and their 
rigidities. 

I 1  

Vibration testing whichmust replace calculations and static testing 
poses many problems, the most difficult of which proved to be that of divi- 
sion of the excitation forces for isolation of different vibrating modes, or 
'the problem of "apportioning of the forces of excitation". 

In practical planning, none of the proposed solutions leads to satis- 
factory results, if excitation is applied to a whole complicated structure 
such as occurring in an airplane. 
havior of structures which is different from that used in theoretical calcu- 
lations. 

This can be explained by the dynamic be- 

Analysis of publications on the subject of apportioning reveals the 
following hypotheses and criteria: 

1. Linearity of structural parameters (all authors). 
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2. Constancy of a structure as a function of time (all authors). 

3. Basile hypothesis (3 ,  12). 

4 .  Accessibility of all points of a structure for excitation and measure- 
ment (all authors). 

5. Resonance phase criterion (all authors). 

Fig. 1. Definition of a characteristic frequency 
according to the criterion of phase (w,) resonance 

and to that of Kennedy and Pancu (wO ' ) .  

To ensure the generality of a procedure it is necessary that the test 
structure should verify, for all modes, that the incidence of eventual varia- 
tion between the hypothesis and the results be small. As is proved by experi- 
ence, a structure is never rigorously linear and the characteristic frequency 
of modes varies slightly with amplitude and displacement (14). 
tion of characteristic frequency will affect all procedures based on the exact 
knowledge of resonance frequency (5, 7, 8). A s  is shown (14), these slight 
non-linearities cause an uncertainty with regard to characteristic frequency. 
This frequency will seem to be variable depending on the phase criterion of 
Kennedy and Pancu (15), the criterion used for its determination (Fig. 1). 

This varia- / 4 4  

Another source of uncertainty is the non-constancy of the structure as a 
function of time. Thus, one sometimes observes a considerable rotation of the 
response vector as a function of time for a constant excitation frequency and 
force of excitation. It is to be noted that the affix of the vector in all 
observed cases remains on the circle obtained for all ranges of frequencies 
The errors due to non-linearity are inversely proportional to the strength of 
damping in a very systematic manner. 
of averages or correlation ( 1 3 ) .  

They cannot thus be eliminated by methods 
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The same phenomenon of non- l inea r i ty  and evo lu t ion  as a t i m e  func t ion  re- 
c u r s  i n  a more pronounced degree f o r  damping fo rces .They  e s p e c i a l l y  a f f e c t  
those  procedures  which are endeavoring t o  e s t a b l i s h  a complex ma t r ix  of damping 
f o r c e s  ( 6 ,  7 ,  8,  9 ) .  These procedures (with the  except ion  of (7) which, accord- 
i n g  t o  t h e  au tho r  of (8), do not  always assure  t h e  convergence of i t e r a t i o n ) ,  
n e c e s s i t a t e  i n t e rmed ia t e  c a l c u l a t i o n s  between two phases of t e s t i n g  and are, 
t h e r e f o r e ,  very  s e n s i t i v e  t o  t h e  v a r i a t i o n  of s t r u c t u r a l  parameters as func- 
t i o n s  of t i m e .  

The Basile hypothes is  i s  r e t a i n e d  only by one au tho r  (3)  as t h e  working 
b a s i s  f o r  an experimental  p rocess .  Moreover, i t  provokes a remark wi th  regard  
t o  t h e  very d e f i n i t i o n  of e x c i t a t i o n  f o r c e  determinat ion.  

I n  f a c t ,  i f  t h e  ma t r ix  of damping forces  is  d iagonal  (Basile's hypo thes i s ) ,  
e x c i t a t i o n  f o r c e s  p e r t a i n i n g  t o  a mode e x c i t e  only t h i s  mode. This  is  t r u e  n o t  
only f o r  i t s  resonance, b u t  a l s o  f o r  a l l  f requencies  of e x c i t a t i o n .  

Therefore ,  t h e  mode i s  i s o l a t e d ,  and the whole s t r u c t u r e  behaves as a 
s imple system wi th  one degree of freedom. This permi ts  a u t i l i z a t i o n  of t h e  
known r e l a t i o n s h i p s  "force-response" of such a system i n  ob ta in ing  -- by ex- 
per imenta l  procedures  -- t h e  genera l ized  values. 

This  p a r t i c u l a r  method of i s o l a t i n g  one mode i s  more gene ra l  t han  t h a t  of 
apport ioning".  For t h e  l a t te r ,  noth ing  is  requi red  bu t  t h e  response of t h e  

s t r u c t u r e  -- a t  resonance -- i d e n t i c a l  t o  the  response of t h e  s t r u c t u r e  with- 
ou t  damping. It may be asked -- t h i s  w i l l  be d iscussed  la te r  -- whether t h e  
o b j e c t  of t h e  s tudy  should no t  r a t h e r  be t h a t  of i s o l a t i n g  t h e  modes obta ined  
by adapt ion  of a s i n g l e  s h e l l  s t r u c t u r e  usable  f o r  t h e  eva lua t ion  of charac te r -  
i s t i c  va lues :  a s t r u c t u r e  wi th  a d iagonal  mat r ix  o f  dampers. 

1 1  

L e t  u s  cons ide r  a t  f i r s t ,  two hypotheses underlying a l l  work concerning 
t h e  s tudy  of appor t ion ing;  i t  w i l l  be  shown t h a t  t hese  hypotheses are similar 
wi th  regard t o  cond i t ions  of v i b r a t i o n  t e s t i n g .  

With n a v a i l a b l e  e x c i t o r s  i t  i s  poss ib l e  t o  e l imina te  (n-1) modes ( 4 ) .  
This  s ta tement  i s ,  however, of very  l i t t l e  pract ical  va lue ,  because t h e  modes 
can b e  e l imina ted  only f o r  one c e r t a i n  d i s t r i b u t i o n  ( a  p r i o r i  unknown) of ex- 
c i t a t i o n  f o r c e s ,  t h e  s tudy  of which would n e c e s s i t a t e  a displacement of t h e  
e x c i t o r s  and would be impossible  t o  achieve i n  t h e  event  t h a t  c e r t a i n  elements 
of t h e  s t r u c t u r e  should be inaccess ib l e .  This occurs  cons t an t ly  i n  t h e  case 
of a i r p l a n e s  and engines  wi th  t h e i r  ca rbure to r s ,  p r o p e l l e r s ,  t h e i r  l anding  
equipment, etc.  

It i s  necessary  t o  examine whether the  phase c r i t e r i o n ,  which has  a l r eady  
shown reservations fzr c c n - l i n e a r i t i e s ,  i s  a t  least  v a l i d  f o r  a p e r f e c t l y  l i n -  
ear s t r u c t u r e .  For t h i s  examination w e  s h a l l  cons ider  t h e  s i g n s  of a miiiibsr 
m of censors  f o r  p modes, assuming t h a t  only t h e s e  modes 

t r i b u t e  t o  response  vm a t  p o i n t  m. + 

A t  each p o i n t ,  t h e  response i s  the  v e c t o r i a l  sum of 
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can measurably con- 

t h e  p a r t i a l  responses  



of p modes: 

The phases resonance cond i t ion  f o r  m p o i n t s  r equ i r e s :  

D 

1 

This  r e s u l t s  i n  a system of equat ions :  

a,, . J ,  + a,z  .Iz + . . 1 )  
aZl J,  + az2 J z  + . . . 0. 

- 0. . , . . . . . . . . . . . . . . . . . 

(3)  

-+ 
I f  p > m ,  t h i s  system has  s o l u t i o n s  o t h e r  than  wp = 0 ;  P # i, v i  represent ing 

t h e  mode t o  be  found. 

I f  t h e  phase c r i t e r i o n  i s  r e a l i z e d  f o r  m p o i n t s  of t h e  s t r u c t u r e ,  t h i s  
may i n d i c a t e  t h a t  t h e  mode i s  e x c i t e d  a t  i t s  proper  frequency; t h i s ,  however, 
may a l s o  r ep resen t  a supe rpos i t i on  of s e v e r a l  modes. The phase c r i t e r i o n  i s ,  
the re fo re ,  no t  genera l  i f  t h e  number of measurement p o i n t s  i s  l i m i t e d .  

The l ack  of success  of experimental  s tudy  can t h e r e f o r e  be expla ined  by 
t h e  f a c t  t h a t  t he  hypotheses underlying t h e  proposed procedures  are n o t  always 
v e r i f i e d  and, secondly,  by t h e  l i m i t a t i o n  of t h e  number of e x c i t o r s  and censors  
i n  t h e  apparatus  f o r  v i b r a t i o n  t e s t i n g .  

The f a c t  i s  t h a t  t h e  appor t ion ing  of e x c i t a t i o n  f o r c e s  does no t  f u r n i s h  
mode i s o l a t i o n  i n  the  presence of non-diagonal terms of damping. The even tua l  
complicat ion of t he  test material and procedure by an i n c r e a s e  i n  t h e  number of 
e x c i t o r s  and censors  i s  e n t i r e l y  u n j u s t i f i e d .  
t i o n  can be obtained wi th  a s u f f i c i e n t l y  g r e a t  p r e c i s i o n  by v e c t o r i a l  decompo- 
s i t i o n  ( 2 ,  16) and t h e  measurement of t h e  genera l ized  mass w i l l  be  n e i t h e r  
f a c i l i t a t e d  nor rendered more p r e c i s e  by t h e  appor t ion ing .  On t h e  o t h e r  hand, 
mode i s o l a t i o n ,  which w e  are about t o  i n v e s t i g a t e ,  may be advantageous i n  t h i s  
r e spec t .  

A s  a matter of f a c t  a deforma- 

11. STUDY OF CONDITIONS NECESSARY FOR MODE ISOLATION. 

The most gene ra l  case i s  presented  by examination and s tudy  of mode i so -  
l a t i o n  fo r  a s t r u c t u r e  whose parameters  are no t  s t r i c t l y  cons t an t  and do n o t  
conform t o  t h e  Basile hypothes is .  
t h e  s o l u t i o n  is  p o s s i b l e  only by t a k i n g  i n t o  cons ide ra t ion  c e r t a i n  p e c u l i a r i -  
t ies  of the s t r u c t u r e  t o  be t e s t e d .  

Under t h e s e  c o n d i t i o n s ,  t h e  approach toward 
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11.1 Statement of t h e  Problem. 

A s  the f i r s t  s t e p  w e  s h a l l  cons ide r  a s l i g h t l y  non-l inear  s t r u c t u r e  f o r  
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which a linearization is still a fair approximation and which can be described 
by a system of simultaneous equations: 

Let us assume that 4 ,  B and w are functions of amplitude, but are of small 
variability. We are in search of parameters of another system of linear equa- 
t ions : 

such that for a mode, the respective values LI, 4 ,  w and q of the two equations 
approach, as closely as possible, a given amplitude. The response of the mode 
according to (5) is known. For a proper excitation (which in this case con- 
serves its sign), the response in velocity at each point of the structure is 
expressed by multiplying the constant k by the response of a simple model as 
in Fig. 2 .  

Fig. 2 .  Model for finding the coefficients of 
equation my + bj( + K.x = F at the start of dynamic 
response. 

F 

jmco + - + b Ii 
1Q 

v - -  k .  

We shal- take this fGnction as an example because it permits evaluat-on of 
generalized values if one knows v for several frequencies of excitation. 

We must operate a structure -- conforming to ( 4 )  -- in such a manner as to 
obtain a response of the form ( 6 ) .  

If t h i s  r e s d t  is ohtained, the effect of non-linearity can be eliminated 
by known methods (14) keeping this displacement modulus constant during the 
whole range. 

11.2 Adaptation of a Structure to a Mathematical Matrix. 

The essential difference between equations ( 4 )  and (5) consists in secon- 
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dary parameters: t h e  r e d i s t r i b u t i o n  of damping f o r c e s .  I f  one ob ta ins  a cor- 
r e c t i o n  of t h i s  r e d i s t r i b u t i o n  -- which i s  p o s s i b l e  t h e o r e t i c a l l y  -- t h e  test  
s t r u c t u r e  w i l l  conform t o  t h e  Basile hypothes is  and t h e  modes can be  t r e a t e d  
according t o  ( 6 ) .  This  c o r r e c t i o n  can be  r e a l i z e d  by i n c r e a s i n g  t h e  number n 
of dampers e lec t rodynamic ,  f o r  example) of t h e  fo rces  capable  of damping regula-  
t i o n .  

I n  f a c t ,  t h e  non-diagonality of t h e  ma t r ix  i s  due t o  a d e f e c t i v e  rearrange-  
ment of damping fo rces .  
j u d i c i a l l y  arranged damping f o r c e s  (Fig.  3 ) .  I n  t h i s  manner t h e  g loba l  damping 
of a l l  modes is increased .  This  does no t  always r ep resen t  an advantage,  b u t ,  
i n  genera l ,  t h e  e f f e c t i v e n e s s  of e lectrodynamic dampers remains r e l a t i v e l y  
smal l ,  i f  i t  is  n o t  d e s i r a b l e  t o  augment t h e  inc rease  of mass by t h a t  of addi- 
t i o n a l  spoo l s  (18). 

This  may be co r rec t ed  by t h e  a r t i f i c i a l  a d d i t i o n  of 

F ig .  3 .  Mode of a beam sub jec t ed  t o  damping 
fo rces  n o t  s a t i s f y i n g  t h e  Basile hypothes is .  

A .  
B. 
C .  
D .  

D-C. 

On t h e  o t h e r  hand, 

Deformed . 
R e d i s t r i b u t i o n  of massive f o r c e s .  
True r e d i s t r i b u t i o n  of damping fo rces .  
R e d i s t r i b u t i o n  of damping f o r c e s  s a t i s f y i n g  

Damping d e f e c t .  
t h e  Basile hypothes is .  

wi th  t h e s e  dampers supplementing t h e  e x c i t o r s  p rope r ,  ~. 

t h e  experimental  scope of p o s s i b l i t i e s  is  inc reased .  

It seems more u s e f u l  t o  employ t h e  e x c i t o r s  which perform a two-fold func- 
t i o n :  t h a t  of a genera tor  of e x c i t a t i o n  f o r c e s  and t h a t  of a damper. I n  addi- 
t i o n  t h i s  permi ts  an  i n t r o d u c t i o n  of p o s i t i v e  and nega t ive  damping f o r c e s .  

11.3 Decomposition of t h e  E x c i t a t i o n  Force.  

I f  damping is  produced by f o r c e  g e n e r a t o r s ,  t h e  t o t a l  f o r c e  generated by 
e x c i t o r s  is decomposed i n t o  an  e x c i t a t i o n  f o r c e  proper ,  which i s  a func t ion  of 
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t h e  frequency gene ra to r  s i g n a l ,  and i n t o  a p o s i t i v e  o r  nega t ive  damping fo rce  
which is  a func t ion  of t h e  response of t h e  s t r u c t u r e  a t  t h e  l o c a t i o n  of t h e  
censor  (Fig.  4 ) .  

Fig. 4 .  Schema of r eac t ion  f o r  producing 
damping f o r c e s  by means of a p r i n c i p a l  ex- 
c i t o r .  

C.  Veloc i ty  censor  
D .  Damping measurement 
E. Exc i to r  
A. Amplif ier  
G. Frequency genera tor  

Applying t h i s  t o  t h e  model i n  Fig.  3 ,  one ob ta ins :  /46 

I f  modulus I v l  is  kep t  cons t an t ,  t h e  sum on t h e  r i g h t  s i d e  of t h e  equat ion  

Apparently t h e  must a l s o  remain cons tan t  f o r  phase resonance when j m w  +s = 0. 
r e i n j e c t i o n  does n o t  produce any change. j w  

Combining b and E. one ob ta ins :  

One sees, however, t h a t  t h e  c h a r a c t e r i s t i c s  of t h e  model are changed and 
t h a t  t h e  sweep of frequency g ives  d i f f e r e n t  responses o u t s i d e  of t h e  resonance 
w i t h  regard  t o  t h e  d i s t r i b u t i o n  of parameter w on t h e  c i r c l e .  

Applying the r e i n j e c t i o n  on the r ea l  s t r u c t u r e  descr ibed  by ( 4 ) ,  

if S i j  and S i h  are displacements  of p o i n t  i f o r  modes j and h a t  t h e  measure- 

ment p o i n t ,  and skj  and skh are t h e  displacements of t h e  p o i n t  of e x c i t a t i o n  k 
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. 
( o r  v ice-versa) ,  one ob ta ins :  

Equation (11) shows t h a t  two t h e o r e t i c a l  ope ra t ions  are necessary  f o r  is- 
o l a t i n g  a mode: 

a) i t  is  necessary  t o  e l imina te  by ( B ' )  non-diagonal terms of ( B ) .  This  
is  the "adaptat ion" of t h e  s t r u c t u r e ;  

b) i t  i s  necessary  t o  choose a genera l ized  fo rce  IF1 such t h a t  

I n  p r a c t i c e  i t  i s  no t  p o s s i b l e  t o  s e p a r a t e  t h e s e  two ope ra t ions  and t h i s  
is  r e a l l y  n o t  necessary  because ope ra t ion  a) may con ta in  t h e  cond i t ion  

+ 
where IFj I r e p r e s e n t s  t h e  e x i s t i n g  gene ra l i zed  f o r c e s ,  This  reverses t h e  pro- 

blem: in s t ead  of. t r y i n g  t o  f i n d  f o r c e s  p e r t a i n i n g  t o  a mode, one tr ies t o  f i n d  
the  proper damping of a group of p rev ious ly  s e l e c t e d  e x c i t a t i o n  f o r c e s .  

This procedure becomes more v a l i d ,  as more d i f f i c u l t i e s  of appor t ion ing  
are encountered, i n  gene ra l ,  a f t e r  t h e  f i r s t  approach ope ra t ion  of i d e a l  exc i -  
t a t i o n  by means of s e v e r a l  t r ia ls  w i t h  d i f f e r e n t  reappor t ion ing  of f o r c e s .  
The e x c i t a t i o n  fo rces  obta ined  i n  t h i s  manner a l r eady  c o n s t i t u t e  a good approx- 
imation of t h e  d e s i r e d  gene ra l i zed  f o r c e .  For improving i t s  v a l u e ,  t h e  e l i m i -  
n a t i o n  of non-diagonal terms of 161 i s  of an e q u a l ,  i f  n o t  g r e a t e r ,  importance 
than  the problem c o n s i s t i n g  of making i d e n t i c a l  t h e  columns of e x c i t a t i o n  and 
damping fo rces .  

Nevertheless ,  even i n  t h i s  s i m p l i f i e d  a s p e c t ,  t h e  problem i s  s t i l l  too  
complicated f o r  one t o  have hope of f i n d i n g  a p r a c t i c a l  procedure f o r  t e s t i n g .  
It is  a l s o  w e l l  t o  p r o f i t  by c e r t a i n  c h a r a c t e r i s t i c s  of t h e  s t r u c t u r e  t o  be  
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t e s t e d .  

11.4 C h a r a c t e r i s t i c s  of a Real S t r u c t u r e .  

A homogeneous s t r u c t u r e  such as represented by a beam o r  a beam assembly, 
r a r e l y  p r e s e n t s  any d i f f i c u l t i e s  f o r  mode sepa ra t ion .  
r e f i n e d  l abora to ry  v i b r a t i o n  t e s t i n g  of such s t r u c t u r e s  as m e t a l  p la tes ,  beams, 
c l a y  models, e tc . . . . . ,  i s  easy.  This  however, may l ead  an i n v e s t i g a t o r  t o  an 
erroneous concept ion wi th  regard t o  t h e  v a l i d i t y  of measurement procedure.  

This  exp la ins  why t h e  

I n  f a c t ,  a complicated s t r u c t u r e  such as t h a t  of a n  a i r p l a n e ,  f o r  example, 
a l s o  r ep resen t s  a more o r  less homogeneous p a r t ,  b u t  i t  i s  ca r ry ing  suspended 
o r  a r t i c u l a t e d  elements such as rudders ,  landing g e a r ,  p r o p e l l e r s ,  c a r b u r e t o r s ,  
equipments, etc.. .  

The homogeneous p a r t  has  r e l a t i v e l y  low va lues  of damping concent ra ted  a t  
t h e  assembly po in t s .  The g r e a t e s t  p a r t  of measured g loba l  damping arises from 
t h e  motions of accesso r i e s  r e l a t i v e  t o  t h a t  of t h e  s t r u c t u r e .  Therefore ,  i t  
becomes necessary  t o  f i n d  t h e  o r i g i n  of a sce r t a ined  n o n - l i n e a r i t i e s  and inac-  
cu rac i e s .  

On t h e  b a s i s  of such a concept ion it i s  p o s s i b l e  t o  e s t a b l i s h  a c e r t a i n  
o rde r  i n  t h e  r e sea rch  wi th  regard t o  mode i s o l a t i o n .  For eva lua t ion ,  i t  is  
u s e f u l  t o  d iv ide  t h e  s t r u c t u r e  i n t o  subassemblies i n  such a manner t h a t  t h i s  
d i v i s i o n  could n o t  prevent  d i scuss ion  wi th  regard t o  t h e  modes of t h e  whole 
s t r u c t u r e ,  bu t  could l ead  t o  a convenient reapportionment of e x c i t a t i o n  f o r c e s  
and supplementary damping. 

L e t  us  a t tempt  t o  examine t h e  u s e f u l  arrangement of t h e  e x c i t o r s ,  whi le  
u t i l i z i n g  t h e  gathered t h e o r e t i c a l  information and f a c t s  observed dur ing  test- 
ing .  

1. For t h e  homogeneous p a r t  of cons t ruc t ion  -- which w e  s h a l l  c a l l  t h e  
s t r u c t u r e  -- t h e  number of necessary  e x c i t o r s  i s  apparent ly  very  s m a l l .  It 
does no t  seem u s e f u l  t o  p rognos t i ca t e  t h e  supplementary damping f o r c e s ,  i f  t h e  
hypothes is  of t h e  concen t r a t ion  of s t r u c t u r a l  damping f o r c e s  i s  exact. 

The v i b r a t i o n  tests confirm t h i s  opinion because t h e  modes concerning,  
e s s e n t i a l l y ,  t h e  deformation of t h e  s t r u c t u r e  are always easy  t o  i s o l a t e  ( f o r  
example, t h e  modes of bending) .  

2. The g r e a t e s t  d i f f i c u l t y  always occurs dur ing  s e p a r a t i o n  of two modes 
of neighboring c h a r a c t e r i s t i c  f requencies .  The f requencies  proper  of a s t r u c -  
t u r e  are, i n  gene ra l ,  s u f f i c i e n t i y  different a d  the p o s s i b i l i t y  of even tua l  
proximity of t h e  two f requencies  can be explained by neighboring resonances of 
t h e  s t r u c t u r e  and of the subassembly ( o r  e l s e  those  of t h e  two subassemblies 
of t h e  c o n s t r u c t i o n ;  wing and empennage, fo r  example). 

Under t h e s e  cond i t ions  t h e  theory permits only two p o s s i b i l i t i e s  compati- 
b l e  w i th  t h e  f a c t  of two resonance frequencies  approaching one another :  e i t h e r  
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. 
t h e  coupling e x i s t i n g  between t h e  subassemblies i s  weak, o r  t he  v i b r a t i o n  en- 
ergy of one subassembly is  n e g l i g i b l e  wi th  regard t o  t h a t  of t h e  o t h e r .  

The f i r s t  of t h e s e  cases i s  more f r equen t ly  encountered.  The rudders ,  / 4 7  
considered as subassemblies wi th  r e spec t  t o  s t r u c t u r e ,  are good r e p r e s e n t a t i v e s  
of t h i s  case. 

The schema of Fig.  5 s h a l l  be used f o r  making c e r t a i n  u s e f u l  conclusions 
f o r  the p r a c t i c a l  r e a l i z a t i o n  of mode sepa ra t ion .  
t i o n  of wing i n  bending, of r i g i d i t y  K1. 

i s  a damper b l .  

example, 5 O/oo.  
s t r u c t u r e  and, 

The model r e p r e s e n t s  a sec- 
I n  p a r a l l e l  wi th  t h i s  r i g i d i t y  t h e r e  

blwl i s  weak, f o r  It i s  assumed t h a t  s t r u c t u r a l  damping 212, = ,-, 

K1 
The rudder  i n e r t i a  i s  weak i n  comparison wi th  t h e  mass of t h e  

Fig.  5. 
torque a i l e r o n .  

Model f o r  t h e  bending mode-wing, 

A. Model 
B. Deformed 

s i n c e  we assume t h a t  c h a r a c t e r i s t i c  f requencies  of t h e  s t r u c t u r e  and of t h e  
rudder  a re  s imi la r ,  i t  fo l lows  t h a t  K1 >> Kg. 

The same hypothes is  i s  n o t  v a l i d  f o r  damping f o r c e s :  on t h e  c o n t r a r y ,  t h e  
f o r c e  of f r i c t i o n  i n  t h e  ope ra t ing  mechanism i s  of t h e  va lue  bg which i s  of 
cons iderable  magnitude, s o  t h a t  

I n  t h i s  case t h e  Basile hypo thes i s  is  no t  v a l i d ,  bu t  t h e  damping b i s  
g 

loca l i zed .  
magnitude of ag, which i s  t h e  measure of re la t ive  phases  (F ig .  6 ) .  

L e t  us observe t h a t  t h e r e  exists a means f o r  measuring t h e  o rde r  of 

The obtained conclusions are: 

a) Each a r t i c u l a t e d  o r  suspended element must be  provided wi th  an e x c i t o r  



permitting simultaneous introduction of damping 

b) Coupling between these subassemblies be 

which, in general, is negative. 

ng weak, the correction of 
damping may proceed successively for each of the elements, because the reaction 
of a modification transferred from one subassembly to the others and to the 
structure remains equally weak. 

Fig. 6 .  Determination of characteristic frequencies 
of subassemblies and their damping by the combined 
methods of measurements of angles of relative phases 
and the method of slope d$/dn to resonance according 
to (2 ) .  

11.5 Criterion of Study of the Apportionment. 

Phase criterion may serve only as a first step of iteration. 
lowing steps, it must be assured that the mode obey the mathematical matrix 
used for application of the measurement results. 

In the fol- 

The non-linearities complicate the operations by the fact that the modulus 
of the global amplitude of the structure must remain constant during the total 
range of frequencies (this is necessary for the measurement of the normal fre- 
quencies and that of the generalized masses). 

The method of force quadratures (14) seems to be most suitable among all 
possible procedures. 
a given excitation, this method consists of three phases: 

When it is applied in the study of structure adaption to 

A. Excitation at presumed resonance frequency by group of forces already 
adapted to the mode; measurement of che ii-equzi;~.; cf responses at a certain 
number of points characterizing the deformation and especially the response of 
the subassembly for which damping is to be corrected. 

B .  Addition of the quadrature of the force to IF1 in such a manner that 
the excitation force becomes F(l+jh), where X<<1; determining the phase reso- 
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nance re la t ive t o  F by vary ing  t h e  frequency of e x c i t a t i o n ;  measurement of new 
frequency w 1 ;  measurement of response ,  

C. Repe t i t i on  of ope ra t ions  B f o r  F ( l - jA).  

The c r i t e r i o n  i s  double:  i t  i s  necessary  t h a t  ]Awl\ = I w ,  - 011 be equa l  

to I A w 2 1  = I w o  - w 2 1  and, on t h e  o t h e r  hand, i t  i s  necessary  t h a t  t h e  modulus 

of amplitudes be cons tan t  dur ing  t h e s e  t h r e e  ope ra t ions .  I n  a l l  cases, exclud- 
i n g  except iona l  ones,  which remain t o  be d iscussed ,  t h e  ope ra t ions  can be  con- 
ducted s e p a r a t e l y  f o r  t h e  s t r u c t u r e  and t h e  subassemblies i n  a p r a c t i c a l  o rde r .  

The c r i t e r i o n  i s  v a l i d  f o r  l i n e a r  and s l i g h t l y  non-l inear  cons t ruc t ions ;  
t h e  complication ( t h r e e  measurements r e p l a c i n g  a s i n g l e  one) is  t h e  p r i c e  of 
i t s  being u n i v e r s a l .  

A more r ap id  c r i t e r i o n  of a p p l i c a t i o n  i s  given by t h e  r e l a x a t i o n .  I n  f a c t ,  
t h e  a c t i o n  of t h e  damping f o r c e s  cont inues  a f t e r  t h e  abatement of e x c i t a t i o n  
fo rces .  I f  t h e  non-diagonal terms of damping are annul led  by r e i n j e c t i o n ,  and 
i f  on the o t h e r  hand e x c i t a t i o n  i s  accommodated, t h e  curve of t h e  r e l a x a t i o n  
must be t h e  same f o r  a l l  p o i n t s  of t h e  o b j e c t .  Therefore ,  i t  i s  s u f f i c i e n t  t o  
v e r i f y  whether t h e  " r igh t s "  of L i s sa jous  which are obta ined  on t h e  osc i l l o scope  
f o r  t h e  s i g n a l s  of t h e  censors  remain t h e  " r igh t s "  of t h e  curve of t h e  re laxa-  
t i o n .  Control  is  more r ap id  and i s  made easier by diminishing g l o b a l  damping 
of t h e  mode under cons ide ra t ion  whi le  i n c r e a s i n g  t h e  d i s tu rbance  mode by t h e  
choice of censors  used f o r  r e i n j e c t i o n .  

Even i n  t h e  presence of n o n - l i n e a r i t i e s ,  t h e  phase cond i t ion  dur ing  - 148 
t h e  progress  of t h e  r e l a x a t i o n  remains v a l i d  a t  least f o r  t h e  i n i t i a l  per iods .  

111. SPECIAL CASES 

The presented  method permi ts  a t rea tment  of s l i g h t l y  non-l inear  s t r u c t u r e s  
wi th  c e r t a i n  reappor t ion ing  of damping f o r c e s  i f  they  remain smaller than  t h e  
e l a s t i c  r e a c t i o n  fo rces .  Another r e s t r i c t i o n  is t h a t  t h e  subassemblies  be ac- 
c e s s i b l e .  

If these  condi t ions  cannot be  r e a l i z e d ,  i t  becomes necessary  t o  cons ider  
t h e  consequences r e s u l t i n g  from t h e  conduct ion of tes ts  and t h e  r e s u l t s  of 
measurement. 

111.1 Element wi th  Highly Non-linear C h a r a c t e r i s t i c s .  

The c l a s s i c a l  case encountered i n  t e s t i n g  h i g h l y  non-l inear  e lements  i s  
t h a t  of a rudder wi th  t h e  s t e e r a g e  of a n  a c t i v a t i n g  appara tus .  This  case i s  
one of dry f r i c t i o n  damping and, a t  t h e  s a m e  t i m e ,  of r i g i d i t i e s .  The schemat- 
i c  r ep resen ta t ion  of t h i s  case  i s  shown i n  Fig.  7 .  
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Fig.  7. Schema wi th  several sp r ings  and dampers repre-  
s e n t i n g  t h e  s t e e r i n g  mechanism of a rudder .  Dotted l i n e s  
r ep resen t  r i g i d i t y  of mechanism f o r  v i b r a t i o n  t e s t i n g .  

For a s u f f i c i e n t l y  l a r g e  amplitude of r o t a t i o n  t h e  s t e e r a g e  assembly i s  
d i sp laced  toge the r  w i th  t h e  rudder .  Following known methods of comparing t h e  
e n e r g i e s ,  i t  is  p o s s i b l e  t o  compare f r i c t i o n  fo rces  wi th  t h e i r  equ iva len t s  of 
v i scous  damping and express  them wi th  t h e  use of a c o e f f i c i e n t  which neverthe-  
less i s  a func t ion  of amplitude.  

It is  no t  always p o s s i b l e  t o  a t t a i n  t h e  necessary  ampli tudes t o  f r e e  t h e  
s t e e r a g e  from f r i c t i o n  a g a i n s t  i t s  encasement because rudder  amplitudes are 
t i e d  up -- by deformation mode -- wi th  the  amplitudes of t h e  s t r u c t u r e .  For 

a mode of a h igh  r a t i o  amp1itudes Of structure , t h e  rudder  amplitudes are 

l i m i t e d  by permiss ib le  amplitudes of s t r u c t u r e .  In t h i s  case  t h e r e  may occur 
a p a r t i a l  encasement of s t e e r a g e  appara tus  And t h e  c h a r a c t e r i s t i c  frequency of 
t h e  rudder  may change by a cons iderable  degree.  

amplitudes of rudder  

There i s  a chance t h a t  t h i s  f a c t  may not  be perceived dur ing  t h e  t es t ,  
because i n  t h e  v i c i n i t y  of a given amplitude t h e  test s t r u c t u r e  behaves as a 
new s t r u c t u r e  and its behavior i s  p e r f e c t l y  l i n e a r .  It i s  evident  t h a t  i n  t h i s  
case it is u s e l e s s  t o  t r y  t o  compensate t h e  damping because i t  would then  be  
necessary  t o r e a c h  t h e  l o c a t i o n s  of f r i c t i o n ,  which are r a r e l y  a c c e s s i b l e .  

A s t r u c t u r e  of t h e s e  c h a r a c t e r i s t i c s  cannot be made amenable t o  any math- 

Therefore  t h e  s t r u c t u r e  must be modified be fo re  t e s t i n g  e i t h e r  by 
ematical ma t r ix ,  which could be used f o r  determinat ion of t r u e  and deformed 
va lues .  
e l i m i n a t i n g  t h e  sources  of f r i c t i o n  o r  by rep lac ing  t h e  non-l inear  element wi th  
an equ iva len t  element of l i n e a r  c h a r a c t e r i s t i c s  (Fig.  7 ) .  

Another p o s s i b i l i t y  c o n s i s t s  of modifying t h e  s t r u c t u r e  and then  t ak ing  
i n t o  c o n s i d e r a t i o n  t h e s e  modi f ica t ions  i n  subsequent c a l c u l a t i o n s .  A l s o ,  t h e  

r - f i n  &L--A- nf structure 

rudder  t o  i n c r e a s e  t h e  va lue  of coupl ing.  

can be  modified by adding c e r t a i n  masses t o  t h e  
rudder  amplitude 

I n  t h i s  case, t h e  modi f ica t ions  which were made t o  render  t h e  s t r u c t u r e  
a c c e s s i b l e  t o  measurement of modes, concern n o t  only t h e  damping, bu t  a l s o  t h e  
masses and r i g i d i t i e s .  The r e s u l t s  of measurement must, t h e r e f o r e ,  be  correc-  
t e d  f o r  t h e s e  mod i f i ca t ions .  This  is  n o t  necessary i f  only t h e  d i v i s i o n  of 
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damping f o r c e s  i s  a f f e c t e d  by these  c o r r e c t i o n s .  

1 1 1 . 2  Non-accessible Subassemblies.  

A non-accessible  subassembly produces a hidden parameter e f f e c t  as d i s -  
cussed i n  ( 1 7 ) .  The f a c t  t h a t  deformation of such elements i s  no t  measurable,  
does not  h inde r  s t a b i l i t y  c a l c u l a t i o n s  of a i r p l a n e s  and engines .  This  i s  s o  
because i t  i s  of no importance in c a l c u l a t i o n  of t h e  aerodynamic fo rces .  It 
remains t o  determine t h e  repercuss ion  of unsu i t ab le  e x c i t a t i o n  due t o  inaccess-  
i b i l i t y  of c e r t a i n  subassemblies.  

For a model 

and the f o r c e  a t  

wi th  

I 

Fig.  8. Model f o r  d i scuss ion  of t h e  e f f e c t  pro- 
duced by a hidden parameter .  M r ep resen t s  t h e  
s t r u c t u r e ,  X -- t h e  displacement a t  t h e  p o i n t  of 
con tac t  f o r  a mode. 

shown i n  Fig.  8,  t h e  re la t ive m a s s  d isplacements  are: 

t h e  po in t  of contac t  is: 

There can occur  two p r i n c i p a l  cases: 

--- The f i rs t  case:  Mass m i s  l a r g e ;  K i s  a l s o  l a r g e .  Due t o  coupl ing ,  t h e  
c h a r a c t e r i s t i c  frequency u* of t h e  uncoupled subassemb1)r is  n e c e s s a r i l y  q u i t e  
d i f f e r e n t  from t h e  c h a r a c t e r i s t i c  f requency us of t h e  mode. 

With e x c i t a t i o n  up t o  frequency w t h e  real p a r t  of f o r c e  F of c o n t a c t ,  f o r  
weak values  of a < < l  becomes: 
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It is t h e  same as would have been obtained f o r  a proper  e x c i t a t i o n ;  t h e  
measured mass i s  then  -- i n  a good approximation -- t h e  same as t h a t ' o f  t h e  
assembly. The imaginary p a r t  of t h e  contac t  force  becomes: 

Comparing t h e  imaginary p a r t  of t h e  contac t  f o r c e  wi th  t h e  imaginary /49 
f o r c e  of a damper which r ep laces  t h e  assembly K,m,b, one arrives a t  t h e  follow- 
i n g  conclusions:  i n  i n t e r v a l  0.5 <Q< 1.5, excluding t h e  zone 0.9 <Q< 1.1, where 
t h e  secondary terms are no longer  n e g l i g i b l e ,  t h e  e r r o r  of t h e  imaginary p a r t  
w i t h  r e s p e c t  t o  t h e  equ iva len t  of a damper, does n o t  exceed 10% i n  t h e  range of 
1% about t h e  resonance frequency. Knowing t h a t  t h e  imaginary f o r c e  a t  t h e  
p o i n t  of con tac t  i s  b u t  a s m a l l  f r a c t i o n  of a l l  damping f o r c e s ,  i t s  assimila- 
t i o n  wi th  t h e s e  f o r c e s  w i l l  i n t roduce  a n e g l i g i b l e  e r r o r  i n  appor t ion ing  which, 
t h e r e f o r e ,  can be obtained by p l ac ing  an e x c i t o r  wi th  r e i n j e c t i o n  a t  t h e  po in t  
of con tac t .  

- The second case: (more i n t e r e s t i n g  f o r  ' t es t ing)  i s  t h a t  of two neighbor- 
i n g  f r equenc ie s  n=l. In  t h i s  case i t  is  again assumed t h a t  t h e r e  is  weak coup- 
l i n g  between t h e  s t r u c t u r e  and t h e  inaccess ib l e  subassembly. I n  t h i s  case a 
gene ra l  d i scuss ion  i s  no longer  poss ib l e .  In  f a c t ,  t h e  f o r c e  a t  the  po in t  of 
c o n t a c t  i s  t h e  s u b j e c t  of r ap id  evo lu t ion  as a func t ion  of t h e  frequency of 
e x c i t a t i o n ,  and t h e  response curve i s  severe ly  d i s tu rbed .  

I f  i t  i s  n o t  p o s s i b l e  t o  l o c a t e  t h e  respons ib le  subassembly and t o  i n t e r -  
vene by supplementary damping, t h e  only p o s s i b i l i t y  i s  t o  i n c r e a s e  t h e  range 
of t h e  frequency scale and t o  e l i m i n a t e  t h e  va lues  of t h e  per turbed  zone i n  t h e  
response.  

I V .  CONCLUSION 

Due t o  n o n - l i n e a r i t i e s  and incons tanc ies  of s t r u c t u r e s  t o  be measured, 
such as those  of a i r p l a n e s  and engines ,  t h e  known methods of de te rmina t ion  of 
c o r r e c t  f o r c e s  are unable  t o  l ead  t o  s a t i s f a c t o r y  r e s u l t s .  Knowing t h a t  advan- 
t ages  obta ined  by appor t ion ing  t h e  f o r c e s  of e x c i t a t i o n  are i n  a l l  cases very 
small, a f u r t h e r  complicat ion of test methods and material is  no t  j u s t i f i e d .  

On t h e  c o n t r a r y ,  conforming t h e  s t r u c t u r e  t o  mathematical  matrices has  
t h e  advantages of be ing  gene ra l  and equa l ly  v a l i d  f o r  s t a t i o n a r y  and t r a n s i -  
t i o n a l  regimens. It o f f e r s  c r i t e r i a  of rapid a p p l i c a t i o n  and permi ts  selective 
v a r i a t i o n  of s t r u c t u r a l  mode damping. 

15 



REFERENCES 

1. Mazet, R.: An Outline of Theoretical Bases of Vibration Testing on the 
Ground (Esquisse des bases the'oriques de l'essai de vibration au sol). 
A.G.A.R.D. Report 184, April, 1958. 

2. de Vries, G: Contribution to the Determination of Vibration Properties 
of Airplanes in a Static Test with Special Emphasis on the New Process 
of Phase Measurement (Beitrag zur Bestimmung der Schwingungseigenschaften 
von Flugzeugen im Standversuch unter besonderer Bertichsichitigung eines 
neuen Verfahrens zur Phasenmessung). Forschung Bericht 1882, 1942. 

3. Lewis, R. C. and D. L. Wrisley: A System for the Excitation of Pure 
Natural Modes of Complex Structure. Journ. of the Aeron. Sci., 
November, 1950. 

4. Schultze, E.: Excitation of Pure Natural Vibrations of Airplanes (Die 
Erregung reiner Eigenschwingungen von Flugzeugfliigeln) ZAMP, Vol. VI, 
1955. 

5. Fraejis de Veubeke, B. M.: A Variational Approach to Pure Mode Excita- 
tion Based on Characteristic Phase Lag Theory. A.G.A.R.D. Report 39, 
April, 1956. 

6. Leclerc, J.: Research on the Best Excitation of Natural Modes of a 
Structure (Recherche de la meilleure excitation des modes propres d'une 
structure) O.N.E.R.A. unpublished document, 1958. 

7. Traill-Nash, R.W.: On the Excitation of Pure Natural Modes in Aircraft 
Resonance Testing. Journal of Aerospace Science, Vol. 25, December, 
1958. 

8. Traill-Nash, R. W.: Some Theoretical Aspects of Resonance Testing and 
Proposals for a Technical Combining Experiment and Computation. Struct. 
and Mat. Report 280, Aeronautical Research Laboratories, Melbourne, 1961. 

9. Clerc, D.: A Method of Apportioning Excitation Forces Among the Natural 
Undamped Modes of a Structure (Une me'thode d'appropriation des forces 
d'excitation aux modes propres non amortis d'une structure) La Rech. 
Agron., No. 85, November-December, 1961. 

10, Clerc, D.: On Apportioning Excitation Forces During Vibration Testing 
in Harmonic Regimem (Sur l'appropriation des forces d'excitation lors 
des essais de vibration en rggime harmonique) La Rech. Agron, No. 87 
March-April, 1962. 

11. Gauzy, H. and Y. Pironneau: Can an Airplane have Two Equal Natural 
Frequencies? (Un avion peut-il avoir deux frgquences propres ggales?) 
La Rech. Agron, No. 64 , May-June, 1958. 

12. Basile, R.: Research on Dynamic Characteristics of Continuous 
(Recherche des caratgristiques dynamiques des systsmes continus) 

16 



Actes du Colloque I n t e r n a t i o n a l  de me'canique, P o i t i e r s ,  V o l . I V e d i t e d  by 
SDIT, PST No. 261, 1952. 

13. de Vries, G.: Adaptat ion by Cor re l a t ion  of a L inea r ly  Vibra t ing  S t r u c t u r e  
(Adaptation p a r  c o r r g l a t i o n  d'une s t r u c t u r e  v i b r a n t  au moule l ine 'a i re )  
L a  Rech. Adron, No. 90, September-October, 1962. 

14. de Vries, G.:  Remarks on the  Analysis of t h e  Admittance Curves of a 
Mechanical S t r u c t u r e  (Remarques s u r  l ' ana lyse  des courbes d 'admit tance 
d'une s t r u c t u r e  mdcanique) La. Rech. Ae'rosp., No. 95, July-August, 1963. 

15. Kennedy, C .  L .  and C.  D. P. Pancu: U s e  of Vectors i n  Vibra t ion  Measure- 
ment and Analysis .  Jou rna l  of t he  Aerospace Science,  Vol. 14 ,  November, 
1947. 

16. de Vries, G.:  Experimental  Determination of General ized Masses (D6ter- 
minat ion expdrimentale  des  masses g6n6ra l i sges)  La  Rech. A&ron.,No. 18,  
1950. 

17. Mazet, R.: Mechanics of Vibra t ion  (Mgcanique v i b r a t o i r e )  Po ly techn ica l  
Library  Ch., Be'ranger , P a r i s ,  1955. 

18. de Vries, G.:  Electr ic  R i g i d i t i e s  and Their  Appl ica t ion  i n  Vib ra t ion  
Tes t ing  (Les  r a i d e u r s  d l e c t r i q u e s  e t  l eu r  emploi dans les essais de 
v i b r a t i o n )  L a  Rech. Adron., No. 92, January-February, 1963. 

Trans la ted  f o r  t he  Nat iona l  Aeronautics and Space Adminis t ra t ion by t h e  

FRANK C. FARNHAM COMPANY. 

NASA-Langley, 1965 F-348 17 


